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ABSTRACT
Numerical techniques have been developed to evaluate local driving forces
acting on material interfaces. Since migrations of the interfaces are associated with
modifications of the microstructure, these methods can be applied to predict and
model morphological evolution in multi-phase materials. Here this methodology
has been applied to the study of an evolution of the morphology of 7' precipitates
in Ni-superalloys, which has been termed rafting.
It is shown how predictions of the model agree with available experimental
data, and a comprehensive treatment of the rafting phenomenon is proposed.
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INTRODUCTION
The mechanical and physical properties of any material depend critically on two
parameters. The first is its constitution: the overall composition, the number of phases
and their relative volume fractions and compositions. The second is its microstructure:
the shape, size and distribution of each phase.
The application of external loads to a multi-phase crystalline solid can significantly
alter its microstructure.
Limiting our attention to the most common case of a two-phase (ma-
trix/precipitate) alloy, an external stress can modify the morphology of the precipi-
tates, influence the precipitate coarsening kinetics and alter the relative stability of
the two phases.
The influence of the applied loading conditions on the morphology and stability
of the microstructure depends on the material parameters of the precipitate and of
the matrix, and on the magnitude and nature of the applied loads.
Since many of the properties of the alloy are determined by its microstructure, it
is of technological relevance to be able to predict microstructural development. The
microstructure evolution of the precipitate phase can be understood on the basis of
simple energy arguments. When the morphology of the microstructure evolves, it is
because there is a driving force for the change: the system is trying to lower its total
energy by modifying its configuration.
Obviously, the mere presence of a driving force does not guarantee that a change
will occur: the kinetics of the process will dictate the pace at which the structural
change will eventually take place. Nevertheless, quantifying the driving force for the
morphological evolution is still the essential first step toward a complete modeling of
the phenomenon.
In analyzing the evolution of the crystal microstructure, we can focus our atten-
tion on the migration of the interfaces between different phases: an evolution of the
microstructure corresponds to a migration of the interfaces. Thus we can think of the
driving forces for microstructure development as forces acting on the interfaces and
driving their migration.
The objective of this research has been to develop numerical techniques for the de-
termination of the forces acting on material interfaces, and to apply these techniques
to the analysis of morphological evolution in y - -y' Nickel superalloys.
We will first describe, in chapter 1, the phenomenon that we intend to analyze:
an evolution of the morphology of -y' precipitates in Ni-superalloys, which has been
termed rafting. We will present a brief historical review of the experimental observa-
tions and discuss the models which have been proposed in the literature.
In chapter 2 we will define, in a more rigorous context, the notion of force on a
material interface, and in chapter 3 we will introduce numerical techniques to evaluate
it.
In chapter 4 we will apply these techniques to the analysis of rafting in 7- - -Y' Ni-
superalloys; we will compare the predictions of our model with available experimental
data and present a general discussion of the rafting process.
Finally, in chapter 5, we will draw the conclusions of this research and discuss
some suggestions for future studies.
CHAPTER 1
RAFTING IN 7 - 7y' Ni-SUPERALLOYS
1.1 Introduction
Nickel-base superalloy single crystals are a class of two-phase precipitation-
strengthened materials.
The microstructure consists of an fcc nickel solid solution matrix, 7, with Ni3 Al
precipitates, -y'. The precipitate phase, an fcc intermetallic compound, is ordered and
coherent with the matrix and can constitute up to 70 percent of the volume of the
crystal. After complete aging the precipitates are distributed in the 7 matrix as a
stable periodic array of < 100 > aligned cuboids of fairly uniform size, usually in the
range of 0.2 - 0.5 pm in diameter (Figure 1.1)
Typically, a lattice parameter mismatch, 6, exists between the 7 and 7' phases:
6 a., - a, (1.1)
a,,
where a-, and a, are the lattice parameters of the two phases.
In most commercial alloys the magnitude of the misfit is minimal ([Ib less than
0.5%); nevertheless, since the matrix-precipitate interface is coherent, the lattice mis-
fit introduces a significant internal stress in the crystal (Figure 1.2).
The 7-y- ' misfit, which is temperature-dependent due to the differing coefficients
of thermal expansion in the-two phases, has remarkable effects on the evolution of
the morphology of the y' precipitates.
Nathan [1] observed that, during the aging treatment, the morphology change,
from spherical to cuboid, occurs at smaller sizes of the precipitates for higher levels
of misfit.
But the most dramatic effect of the magnitude and sense of the misfit has been
recognized in a phenomenon, called rafting, which has been observed by various re-
searchers during stress-annealing experiments or during creep tests at elevated tem-
peratures.
At high temperatures - above 9000 C for most commercial alloys - the 7'' cuboidal
precipitates become unstable. The cubic 7' particles link together to form rods and/or
plates (rafts).
When the crystal is annealed in the absence of an applied stress, the new lamellar
structure is randomly oriented along the three < 100 > cube directions, without
showing a preferential orientation (Figure 1.3(a)).
Figure 1.1 Typical microstructure of the fully heat treated single crystal [30].
13
S..A i t
• .•
•j 0e oe
4 & • )
O00
00O OO 0-1
ay , > ay -> 6. > o
positive misfit alloy
ay ,< ay -- < 0
negative misfit alloy
)
* *j 0 * *1* *0* *
" 0 0 0 0 0 0 0 0-
0 * 0 0 * * *.
0 .0 o0*0
0 00 0 0 0.
000]o.. 00000 *00000..
@000. @000
0
0
*
0100 * 0.00*oloolo• -oo , Io .•,
*. eT. 0 0 Is0 jT10
0 0 0 0 0
0 0 00 00.00 .0~~I•_•_oo
0
state of strain and internal
stress due to positive
misfitting precipitates
Figure 1.2 Lattice misfit and its effect on the internal stress state.
)---( )--(
I
I
6L--- F-
t
"` ---
0 0 0 0 0
0 o 0 0
"lb·.I
When a tensile or compressive stress is applied along the < 001 > direction, the
morphological evolution of the precipitates exhibits a marked directionality. Two
different types of behavior for the coarsening of the precipitates have been observed:
- Type P (Parallel):
- Type N (Normal):
the cuboids coarsen preferentially along the direction of
the applied stress: the precipitates assume the form of
plates which lie parallel to the stress direction. In al-
loys with small volume fraction of 7y', strings of 7' cubes
can coarsen along the < 001 > direction and form rods
(Figure 1.3(b)).
the cuboids coarsen preferentially along the directions
normal to the applied stress: the precipitates assume the
form of broad flat plates with their faces normal to the
stressed < 001 > direction (Figure 1.3(c))
Several rafting observations have been reported over the last two decades [2-
9,12,13,15-25]. According to these observations, different materials can coarsen in
opposite directions under the same loading conditions.
The lattice misfit was soon recognized as a key parameter controlling the rafting
behavior of the alloys.
Since the morphology of the precipitates strongly affects the mechanical properties
of the alloy, several studies have been carried out in order to model, predict and control
the 7' morphology evolution.
In the following paragraphs, we give a brief survey of rafting observations, identify
possible approaches to analyze the phenomenon, and discuss the models proposed in
the literature.
(1) Rafted structure after annealing in absence of an applied stress.
(a) Isotropic Eehavior
(2) Rafted structure after stress annealing (the direction of stress is vertical in
the figure)
(b) "Type P" Behavior (c) "Type N" Behavior
Figure 1.3 Directional coarsening of y' precipitates [15].
1.2 Experimental Observations
Directional coarsening of the y7' precipitates was first observed in commercial Ni-
superalloys after prolonged creep exposure [2-9].
These instabilities of the 7' phase were viewed initially with some concern since
it was observed that they were generally associated with a reduction in the creep
resistance of the alloy [5,9,10,11]. This led to a number of theoretical and experimental
studies, toward a better understanding of the rafting phenomenon [12-15]. These
studies, which will be discussed in greater detail in paragraph 1.4, identified somnc of
the major factors related to the stress coarsening behavior, and suggested that rafting
of the 7' precipitates could be essentially eliminated by reducing the 7 - 7' lattice
misfit through careful alloy design.
In the early '80s, Pearson, Kear and Lemkey [18,19] presented an innovative study
where they demonstrated that directional coarsening significantly enhanced the high
temperature creep properties of an experimental alloy with an unusually high negative
value of the misfit (6 = -0.78%).
These results brought about a wave of renewed attention for the rafting phe-
nomenon. A number of investigations were undertaken concerning the actual de-
velopment, under different testing conditions, of the 7' rafts and their influence on
the creep properties of the crystal [16-25]. The creep loads were generally applied
along the < 001 > crystal direction. While in most studies only tensile loads were
considered, in some experiments the effect of compressive loads was also investigated.
Here we will briefly review some of the results of these observations, together with
the models proposed to explain the observed variation in creep resistance.
1. The rafts begin to form early in primary creep [17-24,27]. The time needed to
attain a fully-developed lamellar structure appears to be influenced by:
(a) the test temperature: the rate of directional coarsening increases when the
test temperature is raised [24];
(b) the applied load : upon increasing the magnitude of the applied load a
hastening of the rafting process is observed [24];
(c) the lattice misfit: under the same conditions of applied load and test tem-
perature, alloys with larger magnitude of misfit exhibit a higher rate of
directional coarsening [27];
(d) the initial microstructure: a fine microstructure with closely-spaced, small-
sized 7' precipitates considerably hastens the development of rafts [22].
2. The rafted configuration is very stable [18,20,22,24]. The average thickness of
the rafts is initially very close to the original 7' particle size [17-25]. As the creep
transient progresses, contradictory observations have been reported concerning
the evolution of raft thickness and interlamellar spacing.
Some researchers [22,24,25] report that the thickness of the rafts remains con-
stant up to the onset of tertiary creep and the interlamellar spacing also shows a
similar behavior, while other research groups [18,20,23] have observed a gradual
thickening of the rafted lamellae during steady state creep.
Differences in the alloy composition could be responsible for these discrepan-
cies: alloys with higer levels of refractory elements are characterized by reduced
diffusion rates so that, for these alloys, the thickening of the lamellae might be
hindered [24].
In tertiary creep the rafts become irregularly shaped , lose their perfect align-
ment and coarsen considerably prior to failure.
3. The initial microstructure prior to testing can drastically affect the resulting
rafted morphology [18, 19, 21, 22]. An ordered, perfectly-aligned structure of
7
' cuboids promotes a rapid formation of more perfect platelets with a high
aspect ratio. Since the initial thickness of the rafts basically coincides with the
original dimension of the 7' cuboids, a finer initial microstructure will produce
a finer rafted structure. In contrast, if the initial structure is overaged, and is
characterized by irregularly-shaped 7' particles, the raft morphology will appear
very irregular as well, with a very low average aspect ratio (Fig. 1.4).
4. A characteristic feature of the stress-coarsened structure is the presence of net-
works of dislocations at the -y7 - 7' interfaces [17, 18, 19, 21, 23, 25]. These
dislocations are true misfit dislocations since their Burgers' vectors are appro-
priate for relaxing the internal stress due to the misfit. Merging interfaces of
coarsening cuboids are usually deprived of dislocations [23, 25].
5. Under low stress, at high temperatures, the operative creep mechanism involves
dislocation motion primarily in the 7-y-matrix with the mobile dislocations cir-
cumventing the 7-' particles which remain virtually dislocation-free [18, 19, 21,
22, 25]. Thus, -'-rafts with a high aspect ratio provide an ideal structure for
creep resistance because circumvention of the 7' phase is eliminated. Signif-
icant creep can occur only by insertion of dislocations through the ordered
intermetallic 7' phase, resulting in dramatically improved creep resistance [18,
19, 22]. Furthermore, the misfit dislocation networks at the 7 - 7' interfaces
act as obstacles to the penetration of the dislocations inside the precipitates.
Under high stresses, at high temperatures, 7' particle shearing tends to become
the prevailing creep mode [18, 19]. For these loading conditions, a directionally-
coarsened structure may not be beneficial since one set of 7 - 7' interfaces is
essentially eliminated [24].
(1) Morphology of the precipitates prior to creep test
(a) (b) (c)
(2) Rafted structure after 50 hours of creep testing
(a) (b) (c)
Figure 1.4 Effect of the initial microstructure on the coarsening process [241.
We can thus think of two possible explanations for the earlier observations [5, 9, 10,
11] in which rafted crystals did not exhibit an improvement in their creep resistance.
First, in some studies the yield behavior of the alloy was investigated [11] so that the
tests were conducted at stress levels well inside the range in which 7Y' particle shearing
is the predominant mechanism of creep. Second, for the tests conducted in the low
stress regimes, the overaged, irregular and coarser microstructure of the 7' rafts in
these early alloys was easily circumvented by the dislocations in the ' phase [22].
Finally, a number of observations concerning the direction of coarsening of the
7' precipitates under tensile and compressive creep loads applied along the < 001 >
crystal direction are schematically summarized in Table 1.1.
Here, assuming that the direction of the < 001 > applied load is as shown, we
graphically identify a "type N" behavior with a horizontal rectangle and a "type P"
behavior with a vertical rectangle.
The sign of the misfit of the alloy is also indicated. Note that in three cases (a, c, f),
two different signs of the misfit are given. For these cases, the first sign corresponds
to the value given by the authors in the referenced paper, while the second sign
corresponds to the actual sign of the misfit for the alloy at test temperature. In
particular, for the three cases:
(a) Tien and Copley [12, 13] state the value of the misfit of their alloy, Udimet-700,
as +0.02%, as measured by Oblack and Kear [16] at room temperature. This
value should be therefore corrected to obtain the value of the misfit at test
temperature.
In several studies [23, 27, 28], the expansion coefficients of the -' phase have
been found to be lower than those of the -y phase; this is consistent with the
long-range ordered structure of -y' [29]. According to the data of Grose and
Ansell [28], we can infer that the value of the misfit of Udimet-700 at the test
temperature of 954°C is of the order of -0.3%.
(c) The value of the misfit given by Caron and Khan in [21] (+0.14%) has also
been measured at room temperature. Fredholm and Strudel have subsequently
determined that the actual value of the misfit at test temperature is -0.33% [23].
(f) In [17] Carry and Strudel give a negative value for the misfit (- 0.4%). This
value has been corrected in a subsequent study [23] where the actual value of
the misfit has been found to be + 0.38%. The erroneous value reported in [17]
was probably due to an incorrect Burgers' vector sign convention.
Since the sign of the misfit at test temperature plays a fundamental role in the
rafting behavior of the alloys, these misleading indications in the literature have
brought about a substantial confusion both in the interpretation of the experimental
results and in the modeling of the rafting phenomenon.
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1.3 Energy Approaches
The rafting phenomenon is an interesting example of how an externally applied
loading condition can influence the morphology evolution of the microstructure in a
multi-phase material.
The most puzzling point in this phenomenon is the marked directionality of the
coarsening process in presence of an applied stress. We can ask ourselves two basic
questions:
What are the parameters that affect the direction of rafting?
How can we predict, knowing the value of these parameters, the
rafting behavior of the material?
The evolution of precipitate morphology can be qualitatively understood by using
an energy analysis. Rafting is a spontaneous evolution of the microstructure; thus
we can conclude that it must be associated with a decrease in the energy level of the
system.
If we consider the original cuboidal morphology and the final rafted configuration,
the variation in energy, AET, associated with this variation in the microstructure,
can be roughly broken down into three terms:
AE w = AEchem + + AE, ETL. (1.2)
Here, the first two terms, AEch,,em and AEint, account for, respectively, the vari-
ation in chemical energy and interfacial energy. They are most certainly important
terms that play a fundamental role in the coarsening process, but they "cannot dis-
cern among the three < 100 > crystal directions". In other words, the value of these
two terms will be the same for all the rafted configurations shown in Fig. 1.3: they
are, giving to the word a broader meaning, isotropic terms and cannot account for
the directionality of coarsening under stress annealing. Thus the key to the problem
must lie in the third term, AETL: the variation of the total elastic energy of the
system.
Since this is the only term which is sensitive to the direction of the applied stress,
we can infer that the directionality of rafting is controlled by a tendency to decrease
the total elastic energy EETL which is given by the sum of the elastic energy of the
crystal plus the potential energy of the loading system.
If we express the total energy of the crystal as a function of the precipitate mor-
phology, the misfit, the applied stress, ax, and all the other parameters that charac-
terize the system:
ET = wT(Q'.morphology , 6, a,,...), (1.3)
then we can think of two possible approaches to predict the morphology evolution of
the precipitates (Fig. 1.5).
A first approach can be termed an energy minimization approach: we calculate
the finite energy levels for different morphologies of the precipitates relative to some
reference state such as a homogeneous Ni-Al solid solution crystal. We then compare
the energy levels of the different morphologies under a certain loading condition and
infer that the system will evolve toward the morphology that corresponds to the
lowest value of the total energy.
An alternative approach can be termed an energy perturbation approach: we con-
sider the actual initial configuration with 7' cuboids, and investigate the effect of a
perturbation of the morphology of the precipitates on the total energy. We can thus
determine the driving force:
-6ETf -= T(1.4)
= -'..morphology (1.4)
which is acting on the system, and infer the most likely direction for morphology
evolution.
Note that, in both approaches, we implicitly assume that there exists a mechanism,
characterized by suitable kinetics, to accomplish the morphology evolution.
If we compare the two approaches on a schematic "total energy vs.
7'-morphology" graph (Fig. 1.5), the first approach corresponds to the determina-
tion of the minimum of the curve, while the second approach corresponds to the
determination of the slope of the curve for the initial morphology.
The first approach seems to be more suitable to study displacive transformations,
where the microstructure instantaneously switches to the lowest energy configuration,
while the second approach appears to be more easily incorporated in a kinetic model
to study diffusive transformations, where the morphology evolution is controlled by
the instantaneous value of the driving force as well as by the kinetics of the diffusion
process.
Historically, in the study of rafting, the energy minimization approach has been
more widely used, as we will briefly discuss in the next paragraph.
In our study we will instead follow'an energy perturbation approach.
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1.4 Historical Review of Rafting Models
The first attempt to explain the rafting behavior through energy considerations
is due to Tien and Copley [13]. They observed the structure of the 7' precipitates in
Udimet-700 and found that the sense and crystallographic orientation of the external
stress influenced the final rafted morphology of the 7' precipitates. Their observations
are graphically summarized in Fig. 1.6. The dotted cubes show the initial orientation
of the -y' cuboids with respect to the direction of stress (vertical in the figure). The
shapes bounded by solid lines represent the aligned plates, parallelepipeds and cuboids
that result from stress annealing.
In the discussion of their observation, Tien and Copley gave only a qualitative the-
oretical analysis and could not draw quantitative conclusions regarding the influence
of elastic energy on the final particle shape.
A significant step in the understanding of the rafting phenomenon is due to Pineau
[14]. Since the evaluation of the total energy for the actual 7 - Y' microstructure is
extremely arduous, the calculations are drastically simplified by considering a parallel
model problem in which a single, ellipsoidal inclusion, representing the ^' phase, is
embedded in an infinite 7--matrix. The fundamental idea behind this approach is
that there would exist a direct correspondence between the actual problem and the
model problem so that the results of the model problem could be directly extrapolated
to the real microstructure (Fig. 1.7). In other words, if for the model problem an
ellipsoid prolate in the direction of the applied stress minimizes the energy, then a
"type P" behavior is inferred for the actual microstructure, while if an oblate ellipsoid
minimizes the energy, a "Type N" behavior is inferred.
Pineau systematically applies Eshelby's theory and calculates the energy of a solid
containing misfitting coherent precipitates of various shapes subjected to applied
stresses. Three shapes are considered: spheres, plates perpendicular to the stress axis
and needles aligned with the stress axis. Matrix and precipitates are assumed to be
elastically isotropic.
Based on these calculations, the most stable shapes (corresponding to the lowest
elastic energy), have been determined, and the final results are presented in the
graphical form shown in Fig. 1.8.
According to this map, the major factors which affect stress coarsening behavior
are the direction and the value of the applied stress, normalized by the elastic modulus
of the matrix, the ratio between the elastic moduli of the two phases, and the 7 - 7'
misfit. The derivations of Pineau have been generally accepted, for a certain time, as
the most satisfactory treatment of the rafting process.
Unfortunately, as noted by Fredholm and Strudel [23], the model considered by
Pineau leads to predictions that agree with the experimental observations summarized
in Table 1.1, only if it is assumed that the -y' particles are stiffer than the matrix for
all the tested alloys. But for at least two cases [13, 15], we have positive evidence
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Figure. 1.6 A schematic summarizing the effects of stress orientation on the
stress annealed shape of the 7' precipitates [13].
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that the precipitate phase is actually softer than the matrix so that Pineau's map
predictions do not agree with the experimental data.
In order to obtain results more consistent with the experimental observations,
subsequent studies have tried to reduce the number of simplifications in the Pineau
model.
The Eshelby equivalent inclusion approach can be successfully applied to the study
of ellipsoidal inclusions in anisotropic media, and models based on anisotropic elas-
ticity have been derived in a number of studies [15, 31, 35].
The complexity of the problem increases by an order of magnitude when a cuboidal
shape for the precipitate is considered. Faivre [33] has treated the problem of a single
cuboidal inclusion for isotropic media and Chang [35] introduced a method based
upon Green's function techniques to study single cuboidal precipitates in anisotropic
media.
Regarding the actual periodic structure of the y - 7-' morphology, and the effect
of interaction energy between particles, Johnson [34] has considered the problem of
two spherical inhomogeneities under the influence of an applied stress and studied the
coarsening kinetics of the two particles; Jankowski, Wingo and Tsakalakos [32] have
modeled the periodicity of the microstructure by using a space and time-dependent
Fourier series; finally, Chang [35] has attempted, with partial success, to apply the
Mura trigonometric series method and the finite element method to treat arrays of
inclusions.
Still, no comprehensive model is available that accounts for the actual structure
of the crystal and gives predictions which explain all the experimental results.
The reasons for this failure lie not only in the inherent limitations of the Eshelby
inclusion approach: even a perfect elastic model of the real microstructure would not
yield correct predictions for the rafting behavior.
The essential common flaw for all the model proposed in the literature is that
the inelastic response of the 7-matrix, due to dislocation motion, is always neglected
in the evaluation of the stress and strain fields. As mentioned in paragraph 1.2, a
network of misfit dislocations is always observed at the 7 - 7' interfaces during rafting.
The presence of these dislocations suggest that a localized "creep process" is relieving
the 7 - 7' misfit, altering the state of stress in the crystal. As will be shown in Chapter
4, only a model that takes into account this effect can successfully account for the
rafting behavior of Ni-superalloys.
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Figure. 1.8 Map giving the conditions which lead to the lowest total elastic
energy for spheres (S), plates normal to the stress axis (N) and
needles parallel to the stress axis (P). Ep/Em is the ratio of the
Young's modulus of the precipitate and that of the matrix, UA, is
the applied stress and 6 the misfit between the precipitates and the
matrix. The domains where two or three shapes are indicated for
the particles are those where the difference in the corresponding
elastic energies is less than 0.1 Em b2. [11]
CHAPTER 2
THE FORCE ON A MATERIAL INTERFACE
2.1 Introduction
Consider a generic system whose configuration can be identified by a suitable
number of parameters 81,#2....#,. We can express the total energy of the system,
ET, as a function of these parameters:
ET = ET(#,1#2,... #,I... #). (2.1)
Following the terminology of analytical mechanics and thermodynamics, we can
introduce the notion of generalized force conjugate to the ith parameter, fi, defined as
8E TfA = 0T (2.2)
Thus fi, which we may regard as the force acting on f3i, is the rate of decrease of
the total energy with respect to the parameter /3.
It is important to note that, in this definition, ET is the total energy, i.e., the
energy of the system we are studying plus the energy of the environment with which
it interacts.
We will now restrict our attention to solid bodies with prescribed boundary con-
ditions.
We can expect, in the material of the body, departures from uniformity on various
scales which we may call imperfections. Examples on a microscopic scale are disloca-
tions, foreign atoms, vacant lattice points and grain boundaries. On a macroscopic
scale, there might be inclusions of one phase in another, cavities and cracks.
If the boundary conditions are held constant, the total energy of the system (the
energy of the body plus the potential energy of the loading device) is a function of
the set of parameters necessary to specify the configuration of the imperfections.
Thus, following the general derivation, we can define the force on a gliding dislo-
cation, on an extending crack, or on a growing cavity.
For the particular case of inclusions and precipitates of one phase in another, such
as martensitic plates in ferrite or 7' precipitates in a 7 matrix in Ni-superalloys, if
the two phases are uniform within themselves, we can consider the interface itself to
be the imperfection.
If C* is a reference configuration for the interface, we can characterize any other
configuration, C, in terms of the normal displacement of the interface, &n, with respect
to C* (Fig. 2.1).
Thus the energy level ET is determined by the parameter, ýn, which is a function
of the position X along the interface:
ET= "T(n(()) (2.3)
It is then straightforward to define a normal force acting on the interface, Tn,
which is work-conjugate to n, as:
-OET
rn(V) - .= (2.4)
It is possible to express this generalized force, rn, in an extremely convenient form
using a quantity whose interesting features were first recognized by Eshelby [36], and
which is therefore known as Eshelby's Energy Momentum Tensor (EMT).
In the following paragraphs, which closely follow the derivation presented by Es-
helby in [37], we will first describe the mathematical process which generates the
EMT, then we will discuss some physical interpretations and derive an expression for
the force on a material interface.
Reference configuration C*
ET = EoT = •( = )
Current configuration C
ET = ET(en(z-))
Figure 2.1 Interface configuration.
.. ::::::
2.2 The Energy Momentum Tensor in Continuum
Mechanics
We will derive an expression for the EMT in the framework of finite deformation
theory with a hyperelastic stress-strain relation.
Rectangular Cartesian coordinates X, are us(ed to label the position of material
particles in the initial state.
If ui is the displacement field, the final position of the particle, in the same coor-
dinate system, will be xi so that
uI = x, - Xi. (2.5)
As a stress measure, we use the nominal Piola Kirchhoff stress, pij, so that, if W
is the Lagrangian strain energy density,
P 01 =(2.6)
The equilibrium condition is
+ pbi = Oi, (2.7)
where bi are the body forces per unit mass (which will include the D'Alembert inertial
force in dynamic problems), and p is the mass density referred to the initial volume.
We will consider the general case in which the strain energy density, W, depends
on the gradient of the displacement field uij, and also explicitly on the Xm:
W = W(uI,,;Xm). (2.8)
This explicit dependency on Xm allows us to consider material inhomogeneities
(regions with varying elastic constants) as well as states of internal stress characterized
by the presence of eigenstrains ci(XAm).
Here, with the term eigenstrains we indicate all such nonelastic strains as those
associated with thermal expansion, phase transformation, creep, plastic flow, and
lattice misfit [38].
For the elastic calculations of the force on a material interface, we will consider
these strain fields as "frozen" in the material, i.e., the eigenstrain field will depend
only on the location Xm.
Under these conditions it is perfectly equivalent to regard eJ as an extra field
variable or to absorb the eT-dependence of W into its explicit dependence on Xm.
If we substitute Eq. (2.6) in (2.7), we obtain an alternative form of the equilibrium
equations
OuW = -pbi. (2,9)
OX, Ou,,,
At this point we need to distinguish the gradient of W, OW/OXi, defined by
-0 4W )21
W(X + dk) = W(X) + X--dXj + o(dXi), (2.10)
from the explicit partial derivative of W with respect to Xj,
OW OW(u•,j; X,,)(OW)eXp = XW(uj;X) ui~j = const. (2.11)
=Xm = const. m .
The gradient of W is thus given by
OW OW OuC, OW
++ ( )e (2.12)
CuXk Uij Xk 8Xkexp*
Noting that Ui,jk = Ui,kj and using the rule for differentiating a product, we obtain
oW -(w 0 oW oW
o ( - -xj -) ('-)u,k +( )xp (2.13)
aXk OX, OUk, OX uikx
Substituting (2.9) and (2.6) in (2.13), we have
0 OW
-(Wbjk PijUi,k) = - )exp p biUi,k. (2.14)
We can now introduce the Energy Momentum Tensor, P, whose components are
given by
Pki W6kj -Pijui,k, (2.15)
so that eq. (2.14) reads
O Pk] OW
S- (Ok)exp + pbiui,k. (2.16)
Thus the divergence of P vanishes wherever W does not explicitly depend on Xm
and there are no body forces.
Note how, for a more concise notation, here we have incorporated the cT -dependence
of W into its dependence on Xm; if we regard ET as an extra field variable, then
W = WV(ui,j; 7(Xm); Xm). (2.17)
We can expand (-)xp into two contributions:
8Wex = W OW Be"OW )exp X )inhom + O O , (2.18)O~~OT, ~ em Xk'
where the first term accounts for material inhornogeneities as well as, iii a more general
context, for any effect due to space gradients of elastic constants (e.g., temperature
dependence of elastic constants associated with a temperature gradient).
An interesting interpretation of the physical meaning of P1 can be (derived if we
consider an elastic body subject only to surface loading (with no bod(ly forces), con-
taining a certain number of imperfections 11,12,... I,. These imlperfections might be
iniihomogeneities, inclusions with an eigenstrain, point defects, etc. We assuime that,
apart from these imperfections, the remaining material is "good" elastic material
where
8W(9- k)Cxp = Ok. (2.19)
If the generic defect I suffers a small translation 6ý, there will be a variation in
the total energy of the system
bET = -bAk, (2.20)
where fis the generalized force acting on I.
It can be proved [37] that the components of fare given by:
k = PkjdS, (2.21)
where S is any surface surrounding I and isolating it from all the other imperfections,
and dS = dSii is the oriented surface element with in being the unit outward normal
to the surface. Note that S can be chosen arbitrarily, without altering f, only as long
as it remains in "good" material where (2.19) holds.
2.3 An Expression for the Force on an Interface
We are now concerned with the special case where the imperfection is represented
by the interface between an inclusion, Q, and an otherwise homogeneous medium
which we will call the matrix, D (Fig. 2.2). We limit our attention to coherent
interfaces, for which the displacement field iU is continuous at the interface. The
inclusion may have elastic constants differing from those of the matrix, and the body
may be subjected to an eigenstrain field, cT, which might be discontinuous across the
interface.
We will derive an expression for the generalized normal force acting on the interface
as a result both of the internal state of stress, due to the J-fieldl, and of the externally
applied loads. This quantity will be a measure of the force driving the migration of
the interface.
Consider a reference configuration for the interface, S*, and an infinitesimal mi-
gration to a current configuration S (Fig. 2.2). The migration can be specified by a
small vector 6b at each point of S*.
We want to evaluate the change in the total energy of the system, SET, as a result
of the migration S* --+ S. We can obtain our result with the help of a sequence of
imaginary steps which simulate the migration.
We start with the interface in the S* configuration, a displacement field i* in
the body (i*D in the matrix, iP.n in the inclusion), and we want to end up with the
interface in the S configuration and a displacement field i1 in the body (ilD in the
matrix, u-o in the inclusion).
Step 1. We cut out and remove the "D-material" which lies in the region between
S* and S, and apply suitable surface tractions to the "hole" to prevent relaxation.
The variation in energy for step 1 is
SEbT = - f 6jWDdSj, (2.22)
where dS = dSin, with in being the unit outward normal to the interface (from Q
to D: see Fig. 2.2), and WD is the elastic energy of the "D-material" that we are
removing.
The displacement on the boundary, S, of D is now u!D + ku* and the traction
is pD(-dSj) + o(d~j).
Step 2. We bring the displacement field at the boundary of D to its final value
9D. The variation in energy is:
E2) = - J[uP - (u °D + S~kk )]pidSr. (2.23)
*D D .t
TIcij
•in
migration
of the E 
interface
S
Figure 2.2 Variation in energy associated with a migration of the interface.
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Step 3. We allow the material that we have removed to transform from "D-
material" to "f-rnaterial" and we put it back in place.
The variation in energy is then
ET) = 63 ,oWdS,. (2.24)
The displacement on the boundary S of [1 is now u110 + ku,?' and the traction is
p}dS1 + o(d4j).
Step 4. We alter the displacement of the boundary of Q to its final value, Uf,
with a variation in energy:
bE = [u - (u + 6k)pdS]. (2.25)
Note that if the transformation from "D-material" to "'1-material" brings about
a variation in chemical energy, we should also include a term
6Eem= J6(4(W2 - Wo)dSj, (2.26)
where (Won - Wo) is the work required to transform a unit volume of unstressed D
into an equal mass of unstressed f.
Furthermore, if a surface energy YTint is associated with the interface, the displace-
ment of the boundary brings about a variation in energy:
bEit = J iTiitKdS1 , (2.27)
with K = 1/R 1 + 1/R 2 , where R1, R2 are the local principal radii of curvature of the
surface.
As previously mentioned (paragraph 1.3), in order to give an explanation for the
directionality of rafting we can actually restrict our attention to the variation of the
total elastic energy 6ETL(= 6E( + 6E) + bE ) + SET) so that we will neglect the
chemical and interface energy terms in the following derivation. Thus, the expression
for the force acting on the interface rn, that we will derive in the following section,
actually gives only the "elastic contribution" to the force on the interface.
Chemical and interface energy terms should, however, be included in more general
applications.
Since U' is continuous across the interface, we have uP = u? and u7D -= iL for
each element dSj. Also, the traction vector pijdSj is continuous at the interface, so
that on adding the four contributions (2.22, 2.23, 2.24, 2.25), we obtain the total
variation:
ERL = - jS *k{(WD6kj - PijUik) - (W~6kj - PijUik)}dSj, (2.28)
and, using the definition (2.15),
ET= - L-{Pk - PI}dSj. (2.29)
It is natural to choose the direction of bCnormal to the interface: 6b = 6~Cni. If we
use the notation [A] to denote the discontinuity of the generic quantity A across the
interface, we can recast Eq. (2.29) in the form
6ETEL= -j 6Sn(nk[Pkjlnj)dS. (2.30)
If we compare Eq. (2.30) and Eq. (2.4) we can easily see that Eq. (2.30) is
equivalent to the statement that there is an effective normal force per unit area of
the interface of magnitude
1rn = nk[Pkjlnj, (2.31(a))
or, if we substitute expression (2.15) for P,
rn = [W] - til J, (2.31(b))
an
where ti = pijnj are the components of the traction vector t at the interface and d/On
denotes spatial differentiation along the normal direction.
Note how, throughout our derivation of rn,, we have never needed to invoke con-
dition (2.19). This means that expressions (2.31) for rn hold also in the presence
of eigenstrains cT and body forces bi. In fact, we will actually use these expressions
to evaluate the elastic driving force for morphology evolution of 7' precipitates in
Ni-superalloys.
We will first perform our calculations for merely elastic fields in which the only
eigenstrain is due to the 7- - 7' lattice misfit, then we will follow the evolution of the
force on the interface during a stress-annealing transient where creep strains set in,
so that the eigenstrain field will be the superposition of the initial misfit field and of
the creep field.
Before concluding this paragraph, it is perhaps appropriate to emphasize that rn
is an extremely convenient measure of the elastic driving force for the evolution of
the inclusion shape.
A positive value of rn (Fig. 2.3) means that the total elastic energy will be reduced
if the interface migrates outward, thus indicating a tendency for the inclusion to grow.
Conversely, a negative value of rn indicates a tendency for the interface to reduce its
volume.
We can construct graphs of the distribution of 7n over the interface; in particular,
if we limit ourselves to 2D-problems, we can plot the value of rn as a function of the
arclength along the interface (Fig. 2.4).
We will introduce numerical methods to calculate rn in Chapter 3, and in Chapter
4 we will apply these methods to the analysis of rafting in 7 - 7' superalloys.
Figure 2.3 Itn as a driving force for shape evolution.
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Figure 2.4 Schematic plot of the force along the interface for 2-D models .
CHAPTER 3
NUMERICAL METHODS
3.1 Introduction
In Chapter 2 we have defined a quantity, r, which provides direct information on
the driving force for morphology evolution of multi-phase materials. If we examine
expressions (2.31), we can notice how the force on the interface can be obtained
directly in terms of elastic field quantities evaluated at the material interface. This is
indeed an extremely convenient feature of this approach, since we have an instrument,
the Finite Element Method (FEM), that allows us to evaluate the elastic field around
a material interface, for virtually any kind of morphology of the system, material
constants, applied loads and internal stress state (eigenstrain field).
Throughout this thesis, the finite element program ABAQUS [39] has been used,
so that, even if the methods are general, the software has been specifically developed
to postprocess ABAQUS results.
For the present applications, we can limit our attention to small-deformation
analysis, so that we can substitute the nominal Piola Kirchhoff stress, ps,, with the
Cauchy stress aij and the expression for the EMT becomes
Pk, = Wbkj-- aijui,k. (3.1)
The elastic strain energy density will be given by
W = V(Cý) = ] d j, (3.2)
where
, - - £ (3.3)
is the elastic part of the strain tensor cij:
1
c = 21(u ij + uj,i). (3.4)
In this chapter we will first describe an extremely direct method to evaluate r,
then we will illustrate an alternative method which utilizes a domain integral repre-
sentation for the energy perturbation 6ETL of exp. (2.30), and discuss its numerical
implementation.
3.2 A Direct Approach: The Computer Program
POSTABQ
Consider a generic boundary value problem (BVP) for which we intend to evaluate
Tr at the interface of an inclusion f0 (Fig. 3.1(a)). We first build a finite element
model for the BVP, discretizing the domain under examination and applying appro-
priate boundary conditions (Fig. 3.1(b)). This model represents the input for the
structural finite element code, ABAQUS, which will solve the BVP. ABAQUS pro-
vides, in output, values at nodes and integration points for the elastic energy density
W, the displacement field Ut and the stress tensor a. Thus, one simple way to calculate
the force on the interface would be to postprocess the ABAQUS output file, evaluat-
ing the quantities [W], [ f], and substitute these values in expression (2.31(b)) to
directly obtain rn.
This method has been implemented in the computer program POSTABQ.
The program POSTABQ has been conceived as a multi-purpose postprocessor for
ABAQUS. The current version of the program can handle only 2-D problems with
second-order eight-node isoparametric elements, but has been structured so that its
applicability can be easily extended to cope with 3-D geometries. The user supplies
a set of nodes (by way of their number in the F.E. model) which define a "path"
- in our case the path will be the interface - and the program evaluates the path
geometry: curvilinear coordinate and normal vector to the path, topology and con-
nectivity of the elements around the path, etc. Then the user asks the program to
perform a sequence of operations on a certain number of selected field variables along
the path. These operations can include reading the quantities from the ABAQUS
file and storing them in local arrays, evaluating gradients of scalar and vector fields,
evaluating the components of vectors and second order tensors in a rotated reference
frame, evaluating the dot product of vector and tensor fields with the normal to the
path (thus calculating the normal component of these quantities), and printing the
results of such operations in an ASCII file.
The user can also program a user-subroutine where he can process the quantities
resulting from the previous operations. Thus, in order to calculate rn on the interface,
the user will
(a) provide an ordered list of the nodes along the interface;
(b) require the program to:
* read and store the values of the strain energy density W;
* read the values of the stress field and evaluate the components of the
traction vector
ti = oijnj;
* read the value of the displacement field i, evaluate the gradient of the
displacement field Vu, and evaluate the derivative of iU along the normal
direction:
9 ui
(c) write a user subroutine where the results of the previous operations are combined
to obtain
S= [W] -
at all nodes along the interface.
The listing of the program POSTABQ is given in APPENDIX I.
The advantage of this method lies in its simplicity and therefore in the limited
amount of calculations required. Unfortunately, it has one main drawback: since the
evaluation of T directly relies on the determination of elastic field at the interface,
we can expect that our results will be affected by some numerical noise. The area
adjacent to the interface is in fact directly affected by numerical disturbances arising
from the discontinuity of the elastic field. Extremely refined meshes, therefore, are
required to limit this effect. An alternative approach which can overcome this kind
of difficulty will be presented in the next section.
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3.3 A Domain Integral Approach: The Computer
Program DOMAIN
3.3.1 Historical perspective
The J-integral, introduced by Eshelby [45] together with a number of other path-
independent contour integrals, has quickly become one of the most-used crack param-
eters in fracture mechanics.
Its role in the context of nonlinear fracture mechanics was introduced by Rice
[40, 41] who has interpreted J as a measure of the intensity of the crack tip field: if
evaluated on a contour placed within the region of HRR dominance [42, 43], the value
of J serves as a unique scaling amplitude for the HRR singular fields. The initiation
of crack growth in plastically deforming bodies can thus be correlated with a critical
value of the J-integral.
The reason for the "success" of the J-integral lies mainly in the mentioned property
of path-independence: the integrand is divergence-free for a material that admits a
strain energy function, so that the J-integral has the same value for all open paths
beginning on one face of the crack and ending on the opposite face. This feature plays
an important role since it allows a direct computation of the strength of crack tip
singularities by evaluating the integral in regions remote from the crack tip, where
the numerical field solution is more reliable.
With the help of weighting functions, the J contour integral can be recast into a
finite domain volume integral. This alternative formulation is naturally compatible
with the finite element method.
In fact, the domain-approach first appeared already cast in its finite element im-
plementation: the Virtual Crack Extension (VCE) technique, introduced by Parks
[47], actually corresponds to a finite element formulation of the domain integral ap-
proach. By the VCE technique [48, 49, 50], accurate pointwise values of the energy
release rate can be obtained.
This method has been interpreted in a somewhat more general context by de-
Lorenzi [51, 52], who has obtained a more compact continuum formulation of the
VCE technique.
The use of domain integral techniques in fracture mechanics has been subsequently
addressed in several studies [44, 46, 53, 54], where thermal loads and kinetic energy
have been rigorously incorporated in the formulation.
Here we present a straightforward extension of this methodology, which will allow
us to evaluate the force acting on a material interface.
We are led to this approach by the same reasons which have brought about the
use of contour and domain integrals in fracture mechanics. We must deal with a
structural discontinuity (in our case, the interface; in fracture mechanics, the crack),
which locally affects our numerically-determined field solutions. Thus we need to
develop a formulation in which the desired local quantities are expressed in terms of
the field solution in regions as remote as possible from the discontinuity.
In the next section, 3.3.2, we present a derivation of the domain integral expression
for the energy variation, 6jETL, that corresponds to a migration of the interface. We
then outline in Section 3.3.3 the finite element formulation of the domain integral
method to determine the force on the interface. In Appendix II, we give the listing of
the computer program DOMAIN in which this methodology has been implemented.
3.3.2 Derivation of a domain integral expression for the energy
perturbation
Let S be the interface separating an inclusion 01 and an otherwise homogeneous
medium (Fig. 3.2(a)). If n' is the unit outward normal to the interface, we can define
a perturbation of the interface bý in terms of its normal component 4n as
4V) = 4n(Y) (V), (3.5)
thus 6~ is a vector quantity defined at all locations X along the interface.
In section 2.3 we have derived an expression for the change in the total energy,
6ETL, associated with the perturbation bý:
6EL -= J6i[Pij]njdS. (3.6)
Let S+ now be any surface completely surrounding S, and S- any surface com-
pletely surrounded by S, as illustrated in Fig. 3.2(b). It is also assumed that the
volume between S+ and S- is simply connected. In order to develop a volume integral
expression for SETL, we first introduce the vector field q' defined over the domain V
enclosed by S- and S+.The vector field q'is defined so that it satisfies the following
requirements:
(a) q(•') 6~('); if XF identifies a point on S;
(b) q-'() 0; if X identifies a point on S+or S-; (3.7)
(c) q-~F) is a smooth function in V.
Then (3.5) can be written as
6ETL = - j qi()[Psj]njdS. (3.8)
We can recast (3.8) in the form
bEETL = I+ + I-, (3.9)
where
I+ = - qiPindS (3.10(a))
I- = qiPiJnidS, (3.10(b))
(a)
(b)
Figure 3.2 Definition of the domain of integration.
with Pý+ being the EMT on the "plus side" of the interface (Fig. 3.2(b)) and Pj the
EMT on the "minus side".
Now consider the expression (3.10(b)) for I-; if we indicate with V- the domain
delimited by S- and S, and with OV- the boundary of V-, since ' vanishes on S-
we can write:
I-= L qiPi- njdS (3.11)
and, applying the divergence theorem:
I- = JV,(qiPi'),,dV (3.12(a))
or
I = v(Pijqi,j + Pijdq1i)dV. (3.12(b))
In section 2.2 we have derived expression (2.16) for the divergence of P. If we
substitute (2.18) in (2.16), we obtain
OW OW 9ET
Pij,j = (Xi)inhom + 0 CTr-M + pbkUk,i (3.13)
Using definition (3.2) for the strain energy density and substituting for the elastic
strain (3.3) we obtain:
OW OW
- e_-= - Omn (3.14)
so that:
OW T
Pij, = ('iX)inhom -' 7 mnmn,i + pbkuk,i. (3.15)
If the material within the domain V- is homogeneous ((OW/0X j )inhom = 03), we
have:
I- = j {Pijqi,j + (pbkuk,i - amnTmn,i)qij}dV. (3.16)
We can perform an analogous sequence of operations on I+ :
I+ = qiPVPmjdS, (3.17)
where V+ is the domain delimited by S and S+, OV+ is its boundary, and r' is the
unit outward normal to OV+ (M' = -nf on S).
By applying the divergence theorem and substituting for Pi,j, if the material
within V+ is homogeneous, we obtain:
I+ = { Pijqi,j + (pbkuk,i - rmnn,)i}dV. (3.18)
Substituting (3.16) and (3.18) in (3.9) and noting that V - V + + V- we obtain
EL = V {Pijqi,j + (pbkUk,i - Omnmn,i)qi}dV, (3.19(a))
or
6EL =V {(Wqi,i - Okjuk,jqij) + (pbkuk,i T- mmn,i)qi}dV (3.19(b))= -- - a, , T,,Nteqhow. ( . (ng
We have thus obtained a volume-integral expression for SEL. Note how, as long
as the q-field and the domain V are chosen so that requirements (3.7) are satisfied,
expressions (3.19) will give us the same value for 6ETL for any choice of the domain
V. This invariance of the domain integral representation of SEEL with respect to
variation in domain size and shape will provide a useful independent check on the
consistency and quality of our numerical calculations. This is indeed another attrac-
tive feature of the domain integral approach.
If we substitute expression (2.31(a)) in (2.30) we have
SETL = - 6bn -rndS; (3.20)
if we equate the right hand side of Eq. (3.20) and (3.19) we have
- býnrndS = {(WVqi,i - OkjUk,iqi,j) + (pbkuk,i -- O'mn ,i)qi}dV. (3.21)
The desired quantity, rn, appears on the left-hand side, while we can evaluate the
expression on the right-hand side in terms of known field quantities: W, e, u, b, eT.
In the next section, 3.3.3, we will describe how, with an appropriate choice of the
perturbation field (6( and q), we can extract local values of rn from Eq. (3.21).
3.3.3 Finite element implementation
We will discuss a numerical implementation of the domain integral approach, for 2-
D configurations, within the context of the displacement finite-element method using
biquadratic Lagrangian shape functions.
We define on the interface S, N nodes and M biquadratic (3-node) isoparametric
elements (Fig. 3.3(a)). For each element we can identify an isoparametric coordinate
r - as shown in Fig. 3.3(b) - and define the basic shape functions:
s=O
2 3 4
5
nodes (global number)
(a) the interface discretization
11=- l11=0 11=1
N-1
(b) 1-D biquadratic element2
3
element nodal points
Figure 3.3 Finite element discretization of the interface.
11
1(71) = y&(- 1)
N'(q) = (1 - -q)(1 + 1)
1
N3(1) = 2(= + 1).
Throughout our presentation, superscripts refer to the element nodal point number
(as in Fig. 3.3(b)), while subscripts refer to the global node/element number along
S.
We can express the value of any quantity, g, at location q along the element j in
terms of the nodal values of g and of the shape functions:
g(t) = NM()(gi), (3.22)
where the summation convention is implied also for superscripts and (g')j is the value
of g at node i of element j.
In particular, if a is the curvilinear coordinate along S, we have
s(7) = N'(q)(s')j (3.23)
and
ds = ds dN(S')jdl. (3.24)dy dy
We can also write:
rn(q) = N'(i1)(rn)j, (3.25)
b =n(q)  N'(7)(6ýn)j. (3.26)
We can then recast Eq. 3.20 in the form
M k1 dN m6ETL = {- Nk( nk)jN i(7)(n)j- m)d}, (3.27)
j= 1 1 d
where we have extended the summation to all the elements of S and we have sub-
stituted the area element dS with the line element ds since we are modeling 2-D
problems.
Now consider N different patterns for the perturbation 6n, defined so that, for
the pth perturbation pattern (Fig. 3.5(a)):
(6n) -= 1 at the pth node
(8ýn)p = 0 at all other nodes.
If we write Eq. (3.27) for the pth perturbation, only the elements j, to which node
p belongs will give a contribution to the pth perturbation in energy bET , so that we
obtain
ELpI (dNm j(3.28)6 ETL = { - j_ N (rl)N (q)l('rn)jn--dy m)ipdl'}, 3.28)
where we are summing only over the elements jp which contain node p and 1 is the
position of node p in element jp,.
We can also write (3.28) as:
1 dNm
EL, = -E•T[in]p[amli -f- N()N'()_dr },  (3.29)ip
and introduce the notation
. dNm'
Bim = - dN(q)N'(r) d .Nm  (3.30)
-1 dq
The quadratic form B"m can be explicitly evaluated for all combinations of indices.
The results are shown in Table 3.1. Eq. (3.29) can then be written in a more compact
form as
ETL = E(ri)jP (sm)jPBlim.  (3.31)Eip
If we write the same expression for all the N possible patterns, we obtain a system
of N equations in the N unknown rn nodal values:
MprTn, = SET , (3.32(a))
or, in matrix notation:
[M]{rI} = {SEL}, (3.32(b))
where
{bE4 L} is the vector of the energy perturbations, 6EELp,,
n, is the nodal value of 'n at node r
Mr, is the p, r component of the coefficient matrix [M] which is given by:
Mp, = E[Sm.,,.Blim. (3.33)
jP,r
Here the summation is extended only to the elements jp,r which contain both node r
and node p (if r $ p there will be only one element) and t is the position of node r
in element jp,r.
We can thus easily construct the coefficient matrix [M] from Table 3.1 and the
curvilinear coordinates of the nodes.
Table 3.1
Bijk Values
B111 = 1/3
B121 = 1/5
B221 = 8/15
B13 1 = -1/30
B231 = -1/15
B 33 1' = -1/15
B 112 = -2/5
B 122 = -4/5
B222 = 0
B 132 = 0
B 232 = 4/15
B2 32 = 2/5
B I 13 = 1/15
B 123 = 1/15
B223 = -8/15
B' 3 3 = 1/30
B 23 = -1/5
B 3 3= -1/3
To obtain the values of rn from system (3.32) we need now to evaluate the right-
hand side vector {bETL}. Consider a finite element discretization of the region sur-
rounding the interface, as shown in Fig. 3.4(a).
We use 2-D isoparametric 8-node elements, for which the nodal point numbers are
shown in the isoparametric (q, ()-space in Fig. 3.4(b). The 2-D domain, V, around the
interface can now be defined by considering a certain number of layers of elements
around the interface as shown in Fig. 3.4(c). We can evaluate numerically each
EETL,,P, integrating expression 3.19(b) over V. We first define the perturbation field
(q )P associated with the pth pattern of interface perturbation (n),p. We can express
the (fl),p field in terms of nodal values (I k)pand 2-D biquadratic shape functions as
)( ( ) -Afk(' )(i"'k)) (3.34)
where Afk(', C) are the 2-D shape functions expressed in terms of the isoparametric
coordinates ('7, () (See Table 3.2). The nodal values of the p~th perturbation field,
(q k), can be chosen freely as long as
1. ( k)p 1 . nf, at node p on the interface
2. (q k) 0 at all other nodes of the interface
3. (1 k), 0 at all nodes along the boundary of V.
A possible choice for the nodal values (q k)) is shown in Fig. 3.5(b).
Table 3.2
2-D Shape Functions
A(, (;) = (-1/4)(1 - 17)(1 - ()(1 + 77+ ()
AP(, (;) = (-1/4)(1 + q)(1 - ~)(1 + '1+ C)
A(, () = (-1/4)(1 + 7)(1 + ()(1 + 7 - ()
A (,9() = (-1/4)(1 - 7)(1 + ()(1 + 1- ()
A/'5(, (,) = (1/2)(1 - q)(1 + 77)(1 - ()
A(6(7,C() = (1/2)(1 - ()(1 + 7)(1 + ()
Ar'(n, () = (1/2)(1 - q)(1 + 7i)(1 + ()
AfN(8,() = (1/2)(1 - (C)(1 + (C)(1 - 4)
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Figure 3.4 Finite element discretization of the domain of integration.
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The integral form (3.19a) can now be written as
6EL, = J1 iE[Pij(qj)p + {pbkuk,i - mn.fmnij}(qji)p] I J • dqdC, (3.35)P V f1 f1
where the sum is extended to all elements in V, and I J I is the determinant of the
Jacobian matrix:
axOz y y Ozx(3.36)IJ I=  0 (3.36)
The integrand in (3.35) is, for each element, a function of the isoparametric coordi-
nates q, C:
F(j?, C) = Pij(qid)p + {pbkuk,i --mnmn,i}(qi)p I J 1, (3.37)
so that each of the integrals can be evaluated numerically, e.g., by Gauss quadrature:
f1 1L F(, C)dqd( = lWiWF(7i, C), (3.38)
where F(qi, Cj) is the value of F at integration point (i,j) and the Wi, Wi are weights
for Gauss quadrature.
Thus, if a finite element analysis has been performed on the body, we can calculate
the values of F at the integration points of the elements inside V, substitute these
values in (3.38) and apply (3.35) to evaluate the right-hand side of system (3.32).
As we have already mentioned in section 3.32, we can use the invariance property
of the domain integral expression for 6ETL as a check for the quality of our numerical
calculations.
We can consider several choices for the domain of integration, V, and/or for the
form of the perturbation field ' (See Fig. 3.6).
For each of these choices we can evaluate the RHS vector {•ETL} and solve the
system (3.32) for the force on the interface {fr}.
Differences in the values of the {I} vectors can be regarded as a measure of the
numerical error in the solution.
This method has been implemented in the computer program DOMAIN for which
a listing of the symbolic code is given in Appendix II.
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CHAPTER 4
ANALYSIS OF RAFTING
4.1 Introduction
The numerical methods described in Chapter 3 allow us to evaluate the distri-
bution of rn over a material interface. As discussed in Chapter 2, this is a quantity
directly related to the tendency of the interface to migrate and, with the convention
used throughout our derivation, a positive value of rn, at a certain location, indicates
a tendency for the inclusion to grow at that location. If the value of rn along a
precipitate-matrix interface is not uniform, this indicates a tendency for the inclusion
to modify its morphology.
In this chapter we will apply these concepts to the analysis of rafting in y - 7'
Ni-superalloys.
In paragraph 4.2, we will first assess the accuracy of our models by comparing data
obtained by numerical calculations with analytical solutions for the simple case of a
cylindrical inclusion in an infinite matrix. This test case will also provide the oppor-
tunity to construct an "evolution map" which interestingly compares with Pineau's
map (see Section 1.4).
In paragraph 4.3 we will then introduce the finite element model, for the - 7'
cuboidal morphology, that we will use to perform the rafting analysis, and we will
identify the set of alloys for which we will carry out our calculations.
In paragraph 4.4 we will present and discuss the results of purely elastic analyses,
where the force on the interface is evaluated for the initial conditions of applied stress
and misfit, and no misfit-relaxation effect due to creep is considered.
In paragraph 4.5 we will follow the evolution of the driving force during the very
fitst stage of primary creep in a simulated stress-annealing experiment.
In paragraph 4.6 we will finally discuss the results, draw our conclusions concern-
ing the rafting process and offer a synoptic interpretation of numerical results and
experimental data.
4.2 Test Case: A Cylindrical Inclusion in an Infinite
Matrix
As a test case, we will consider the very simple problem of a cylindrical isotropic
misfitting inclusion in an infinite isotropic matrix subjected, at infinity, to a state
of uniaxial stress a, normal to the axis of the cylinder (Fig. 4.1(a)). The elastic
solution for this problem has been first determined by Goodier [55].
In order to simplify our calculations, we will assume that the matrix and the
inclusion have the same Poisson ratio v. Then the state of stress and strain at any
location (r/ra; 0), where rO is the radius of the inclusion, can be determined in terms
of:
Ep: the stiffness (Young's modulus) of the precipitate
E,,,: the stiffness (Young's modulus) of the matrix
ao0: the applied stress
6: the misfit
v: the Poisson ratio (assumed common to matrix and precipitate)
From the analytical expression for the elastic field, given in [55], the quantity T
can be readily evaluated at all locations along the interface using eq. (2.31(b)).
These calculations have been implemented in the simple program GOODIER,
listed in Appendix III, which evaluates r. at N locations along the interface (N is a
user-defined quantity).
Due to the symmetry of the problem, only one fourth of the geometry needs to
be considered. (We have chosen the quadrant shown in Fig. 4.1(b)).
The values of rn along the interface can be plotted against a normalized arclength
s as shown in Fig. 4.2. The origin for s is at the very top of the particle (see Fig.
4.1(b)) so that, in the graphs in Fig. 4.2, the left part of the graph roughly corresponds
to the "top" of the particle, while the right part corresponds to the "side".
Then, graph 4.2(a), where the average value of % on the "top" is larger than the
average value of r, on the "side", indicates a tendency toward a "type P" rafting
behavior, with rafts aligned in the direction of the applied stress; graph 4.2(b) in-
dicates a tendency toward an isotropic rafting behavior; and graph 4.2(c) indicates
a tendency toward a "type N" rafting behavior with plates forming in the direction
normal to the applied stress.
Since, for this case, the analytical distribution of -a can be readily found, we have
been able to perform a brief parametric study varying the same characteristic quanti-
Lies chosen by Pineau to construct his map (see paragraph 1.4), namely ao/Emb6 and
Ep/Em,,. The results of this study, obtained with a value of the misfit 6 = 0.1%, are
summarized in Fig. 4.3 and, with a broader spectrum of Ep/E,,, values, in Fig. 4.4.
For each small plot two numerical values are given; the first represents the mag-
nitude (in MPa) of the difference between the average values of % on the top and on
the side: this is a measure of the tendency to coarsen with a preferential orientation;
the second value represents the average value of rn (in MPa) along the interface: this
is a measure of the average tendency for the particle to grow in order to decrease the
total elastic energy.
From this set of results, we can sketch the map shown in Fig. 4.5 that can be
compared with Pineau's map of Fig. 1.8. Besides the differences in the geometry of
the problems (spherical inclusion for Pineau; cylindrical inclusion for our test case),
the two maps differ for a fundamental reason: Pineau's map is a stability map: it is
constructed by determining the configuration that minimizes the energy. Our map is
an evolution map: it is constructed by evaluating the tendency toward shape evolution
for the precipitate in the actual initial configuration.
Still, bearing in mind this basic difference, the patterns of the two maps show
striking similarities.
We have also explored the effects of varying the sign and magnitude of the misfit.
A mere change of the sign of the misfit does not affect the results, as can be noted
by comparing Fig. 4.6, obtained with a misfit b = -0.1%, and Fig. 4.3 Conversely, if
we change the magnitude of the misfit, while the pattern of the map is not modified,
the magnitude of the driving force is remarkably altered.
The plots in Fig, 4.7 have been obtained with a misfit 6 = 0.3% : if we compare
the numerical values of rn with those in Fig. 4.3 we can notice that the force on the
interface is increased by almost one order of magnitude. This result should have been
expected since, for a purely elastic problem, rn is a quadratic form in the stress field
so that, if we increase the misfit (and thus ,oo, to keep coo/Em,,b constant) of a factor
3, we can expect that rn will increase of a factor 32 = 9.
After this digression we will now return to our original task of assessing the accu-
racy of the numerical methods introduced in Chapter 3 to evaluate Tn.
A boundary value problem to be solved using the finite element program ABAQUS
has been defined as shown in Fig. 4.8. Plane-strain, eight-node isoparametric element
have been used. Symmetry conditions are applied at the axes; the nodes along the
top of the domain of analysis are constrained to have equal vertical displacement and
to these nodes the external load ao, is applied; the nodes along the outer edge are
constrained to have equal horizontal displacements.
In this analysis the ratio of the particle radius, ro, to the dimension of the domain
of analysis, Loo, is 1/20. This ratio is low enough to insure "far field" conditions on
the outer boundary of the domain. The finite element mesh used for this problem is
shown in Fig. 4.9. A listing of the ABAQUS input file is given in Appendix IV.
The results of the finite element analysis have been post processed using both
the program POSTABQ and the program DOMAIN to obtain the distribution of Trn
along the interface.
A comparison of analytical and numerical results, for a representative case, is
shown in Fig. 4.10. In general, the domain integral method yields smoother results,
but the agreement with the analytic solution is satisfactory also for the direct method.
No appreciable difference in the results obtained using the domain integral method is
observed when varying the domain of integration, thus confirming the good level of
accuracy of the calculations. However, as we will discuss in the next paragraph, there
exist particular cases in which the direct method can yield more consistent results
than the domain integral method.
a) Test problem
b) Representative section
to be modeled
Figure 4.1 Cylindrical inclusion in an infinite matrix.
Figure 4.1 Cylindrical inclusion in an infinite matrix.
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4.3 Problem Description
In the previous paragraph we have assessed the reliability of the proposed numer-
ical procedures, by direct confrontation of numerical results and analytical solutions
in a simple test problem. We can now apply these numerical methods to analyze the
morphological evolution of y' precipitates in Ni-superalloys.
The first step will be to construct a finite element model of the array of cuboidal
y' precipitates. We have simplified the problem by considering a 2-D model using
generalized plane strain elements.
These elements permit uniform displacements in the "thickness" direction (normal
to the mesh-plane), thus allowing expansion in the third dimension as well as the
development of normal stresses and strain in this direction.
Due to the symmetry and periodicity of the microstructure, we can confine our
analysis to the "unit cell" depicted in Fig. 4.11(a).
Two different meshes have been generated: a coarse mesh (Fig. 4.11(b)), used
in the "tune-up" stage of the research to obtain first order approximations of the rn
profile with a limited amount of required computational time, and a more refined
mesh (Fig. 4.11(c)) for the final calculations.
The level of numerical noise associated with different choices of mesh and/or
numerical method can be appreciated by comparing the T, profiles in Fig. 4.12.
All of the plots shown in the following paragraphs have been obtained using the
refined mesh. Most of them have been obtained by applying the domain integral
method. However, as previously mentioned, there exist particular cases in which
the level of numerical noise in the domain integral solution is particularly high: if we
consider the integral expression for 6ET in Eq. (3.19 (a)), we can see that bET depends
on the gradient of the transformation strains cT . When we will perform the stress-
annealing analyses, the transformation strains will be given by the superposition of
misfit strains and creep strains c'eeP. In the very last stage of the analyzed transients,
extremely steep Ic~P-gradients develop around the corners of the -Y' precipitates (see
Figs 4.34 and 4.38). For these particular conditions the finite element mesh is not
refined enough to allow a precise numerical evaluation of the gradient of LcrcP so
that, for these particular cases, the direct method yields more reliable results than
the domain integral approach.
In order to perform a finite element analysis of the y - 7-y' crystal, we need the
following set of data:
- elastic constants of matrix and precipitate;
- misfit at test temperature;
- loading conditions;
(a) the unit cell
w
pooWw
symmetry planes
(b) coarse mesh
w/L =0.12
p/L =0.18
(c) refined mesh
Figure 4.11 Finite element discretization of the unit cell.
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- creep properties;
- microstructure geometry (dimensions of the 7' cubes and of the 7 channels).
While a simulation of actual 7-7' crystals is of extreme interest because the results
of the analysis can be directly compared with experimental data, we are limited, in
this approach, by the extremely exiguous number of well-characterized alloys available
in the literature. Values for the elastic constants of the 7 and of the 7' phases are
available only for three alloys on which rafting experiments have been carried out.
These are:
a. The negative-misfit alloy studied by Pollock [25]
b. The alloy studied by Tien and Copley [13]
c. The alloys studied by Miyazaki, Nakamura and Mori [15]
For these alloys the loading conditions and the test temperature are available as
well; also the value of the misfit at test temperature is given (alloys (a) and (c)) or
can be evaluated (alloy (b): see the end of paragraph 1.2). In Table 4.1 we have
summarized the characteristics of these alloys, together with the rafting behavior
observed in the experiments. Thus we have only six cases, to which we have assigned
an acronym that we will use to identify each case, that we can use to compare our
results with experimental data.
In order to explore a wider range of possibilities, we have "created" a few hypo-
thetical alloys by altering some of the characteristics of the alloys of Table 4.1.
Altering the characteristics of the alloy studied by Miyazaki Nakamura and Mori,
we have "created" an alloy with positive misfit and soft precipitates by switching
the elastic constants of the two phases, and an alloy with negative misfit and hard
precipitates by changing the sign of the misfit.
For the alloy studied by Tien and Copley, we have explored the effect of assuming
the value of the misfit reported in the paper: in this way we have studied the behavior
of an alloy with soft particle and small positive misfit. Finally, we have explored
the effect of varying the crystal symmetry by considering for both phases isotropic
crystal lattices with elastic constants equivalent to those of the cubic lattices of the
alloy studied by Pollock; we have evaluated an equivalent Young's modulus as
Eeq - (C11 - C12)(3 + (C11 - C12 )/C12 ) (4.1)
2 + (C11 - C12)/12
and an equivalent Poisson's ratio as
11ve =(42
v' =2 + (Ca - C12 )/C12  (4.2)
where C11 and C12 are the elastic constants of the cubic lattice [58].
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The characteristics of these hypothetical alloys and the loading conditions for
which the simulations have been carried out are summarized in Table 4.2
Regarding the creep properties, in the range of loading conditions that will be
explored, the predominant creep mechanism involves dislocation motion primarily
in the 7-matrix. TEM studies [25] show that the 7y' cuboids are not sheared by
dislocations until the latest stage of steady state creep. Thus in our model of the very
first stage of the stress-annealing transient, the 7y' precipitate is allowed to deform only
elastically while the matrix material can deform by creep.
Since the < 001 > orientation of the applied load is a multiple slip orientation, a
simple isotropic power-law relation has been used to characterize the creep properties
of the matrix:
c =Aao". (4.3)
In all our stress annealing transients the creep properties given by Johnson et al.,
[56] for Ni-6W tested at 854* have been used, with:
n = 4.8
A = 5.4E - 15(s-'MPa - 4"8 )
Actually, since we are not particularly interested in "real time" simulation of
the stress-annealing transient, the accuracy of the pre-exponential coefficient A, is
of secondary relevance; the stress exponent, n, is a more important quantity but it
should not exhibit significant modifications when the alloying of the 7 phase is slightly
modified.
Regarding the microstructure geometry, we have relied on the data obtained by
Pollock [25] by TEM study of CMSX3. This choice will not yield an accurate simu-
lation of the Tien and Copley and of the Miyazaki-Nakamura-Mori alloys which are
characterized by a lower volume fraction of the 7' phase. However, we believe that
this inaccuracy will not affect the basic pattern of the results. This point should be,
however, proved by further simulations in which the 7' volume fraction is modified.
According to Pollock's data, the 7' precipitates have an average cube length of
0.45 pm and the matrix passages have an average thickness of 60 nm, giving a 7'
volume fraction of 0.68. The finite element models shown in Fig. 4.11 have been
formulated so as to preserve these dimensions, so that since a generalized plane strain
analysis is done, the volume fraction of the 7' in the model is somewhat higher than
in the real material because the matrix channels parallel to the plane of the mesh
are neglected. While we are aware of the fact that our models still present a certain
degree of inaccuracy, and that the eleven cases that we will analyze do not constitute
a complete parametric study, we will see in the following paragraphs how the results
of our simulations fit in a logical pattern that can yield significant insight to the
rafting phenomenon.
4.4 Elastic Analysis
An elastic analysis for the eleven cases characterized in Tables 4.1 and 4.2, has
been carried out. Both the matrix and the precipitate are only allowed to deform
elastically and coherency at the matrix-precipitate interface is enforced. A typical
ABAQUS input file for this type of analysis is listed in Appendix V. The particular
file listed is relative to case 1 (MNMT), but all the other cases can be easily obtained
by correcting the values of misfit, elastic constants and applied load, according to the
data of Tables 4.1 and 4.2.
The results of the elastic analyses have been postprocessed to obtain the distribu-
tion of the force on the interface. Profiles of ra for each of the eleven cases as shown
in Figs. 4.13 through 4.23. A synopsis of the results is given in Table 4.3.
We can notice observing the rT profiles, that the value of the difference of driving
force on the top and on the side of the particle is always very limited: at most it is
of the order of 0.3 MPa for the "MNM" - cases and it is as low as 0.006 MPa for the
TCTpMs and TCCpMs cases.
If we evaluate the "Pineau's parameters" Ep/Em and a/Emb for all the eleven
cases (for the cubic crystals an equivalent Young's modulus can be calculated using
Eq. (4.1)), we can see how the type of rafting behavior indicated by the rn profiles is
perfectly consistent with the behavior predicted by our simple evolution map of Fig.
4.5.
This suggests that a very similar map could be constructed by performing a para-
metric study on the actual -y - 7y' morphology.
Table 4.3 Synopsis of the Elastic Analysis
Case Case Ep/Em o-/Emb Rafting Consistency Consistency
# Acronym behavior with the with
predicted evolution map experimental
by the model of Fig. 4.5 results
1 MNMT 1.23 0.388 P YES YES
2 MNMC 1.23 -0.388 N YES YES
3 TCT 0.91 -0.327 P YES NO
4 TCC 0.91 +0.327 N YES NO
5 PLT 0.92 -0.148 P YES NO
6 PHT 0.92 -0.399 P YES NO
7 MNMTINV 0.81 +0.314 N YES
8 MNMTNMs 1.23 -0.388 N YES
9 TCTPMs 0.91 +4.9 N YES
10 TCCPMS 0.91 -4.9 P YES
11 PLTiso 0.92 -0.148 P YES
Unfortunately, such a map would be totally inadequate to predict the rafting behavior
of the crystals since, as indicated in Table 4.3, our predictions based on elastic calcu-
lation of the r, profile are not always in agreement with the available experimental
data.
This leads us toward a more accurate simulation of the actual conditions in which
the rafting behavior is observed, as will be discussed in the next paragraph.
It is interesting to note that if we assume, for the alloy studied by Tien and Copley,
the erroneous value of the misfit given in the paper, the rafting behavior predicted
by our evolution map, and by the T. profiles, is consistent with the experimental
observations.
This unfortunate contingency has represented, in the past, a confusing source of
misplaced confidence in the methods based on purely elastic calculations.
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4.5 Analysis of the Stress-Annealing Transients
As previously discussed in paragraph 1.2, TEM observations of - - 7' crystals show
how, in the very first stage of stress-annealing tests, mobile dislocations start to form
and multiply in the 7- matrix. As soon as the crystal is brought to test temperature,
networks of dislocations form at the 7y - -I' interfaces, wrapping the f' cuboids and
relieving most of the shear component of the misfit strain. When an external load is
applied, dislocations glide and climb in the narrow 7 channels so that a macroscopic
creep flow in the 7 matrix is observed.
As a result of this process, the elastic fields in the crystal are dramatica!!y modified.
Therefore a meaningful evaluation of the force on the interface should be ba.ed on
these altered fields.
Even if, considering the scale of the microstructure, an accurate simulation of
the process should be based on a model capable to treat discrete dislocations, some
interesting results can be obtained by considering a simplified macroscopic creep
model for the 7 phase. As we have already mentioned in paragraph 4.3, we have
modeled the creep behavior of the matrix with the simple isotropic power-law relation
(4.3).
We have carried out a simulation of the very first stage of the stress annealing
transients, using the ABAQUS code, and analyzed the corresponding evolution of the
rn profile.
A typical ABAQUS input file for this kind of analysis is listed in Appendix VI.
The particular file listed corresponds to case 1 (MNMT).
As initial conditions for the simulated transients we have considered the elastic
field in the crystal associated with the misfit strain at test temperature, enforcing
perfect coherency at the interfaces. We have then applied the test load, over a short
linear ramp of one second, and let the matrix creep according to equation 4.3.
Typical contour plots of the initial stress state, due to the misfit only, are shown
in Figs. 4.24 through 4.29 for a positive-misfit alloy (Miyazaki-Na'(amura-Mori alloy:
Cases 1,2,7) and for a negative-misfit alloy (Pollock alloy: Case 5).
As schematically indicated in Fig. 4.30(a), the main components of stress in the
matrix, ao in the Figure, are in the planes of the channels (tensile for positive-misfit
alloys, compressive for negative-misfit alloys). The magnitude of the biaxial stress a0o
in the 7y channels varies with the misfit and the elastic constants of the two phases but
typically is of the order of 400 - 500 MPa in most commercial alloys. The component
of stress normal to the planes of the channels is one order of magnitude smaller and
of opposite sign. The Y' precipitates are almost in a state of hydrostatic stress of the
same magnitude as the normal stress in the 7 channels.
Thus in the very first stage of a stress-annealing transient with an applied stress,
a, in the range 50-200 MPa, the effect of the misfit stresses dominates over the effect
of the applied load, and the 7-y matrix creeps so as to accommodate the misfit (Fig.
4.30(b)). This stage corresponds to the formation of dislocation networks at the 7 -7'
interfaces.
In Figs. 4.31 through 4.38, a sequence of contour plots of the equivalent creep
strain in the matrix, crP, at subsequent stages of the primary creep transient for
case 1 (MNMT) and case 2 (MNMC) is shown.
The equivalent creep strain in the matrix is defined as:
2 re
•creep i• .2
eq si s P (4.4)
where , are the components of the creep strain tensor.
The steep gradient of cc' p in the direction normal to the interface, particularly
noticeable around the corner of the precipitate, is the "continuum" analogy to the
network of dislocations at the interface. The gradient would be even steeper with a
higher creep exponent , n, in expression 4.3.
As the creep transient progresses, and the deviatoric components of the stress
tensor are accommodated by the creep strains, a state of hydrostatic stress builds
up in the matrix channels. Regardless of the sign of the misfit and of the relative
stiffnesses of matrix and precipitates, all the transients evolve toward a stress state,
at the end of the primary creep stage, in which (Fig. 4.30 (c)):
* if a tensile stress is applied, there is a build up of negative pressure in the
horizontal channels ( ',e channels normal to the applied stress) and of positive
pressure in the vertica channels (the channels parallel to the applied stress);
* if a compressive stress is applied, there is a build up of positive pressure in the
horizontal channels and of negative pressure in the vertical channels.
The magnitude of the stress in the horizontal channels is higher than the applied
stress, while the magnitude of the stress in the vertical channels is much lower than
the applied stress.
In Figs. 4.39 through 4.54, typical contour plots of the stress state at the end
of the primary creep stage are shown for applied tensile loads (Cases 1,3,5,6,9) and
compressive loads (Cases 2,4,6).
As the stress state evolves, the force on the interface is modified as well. Plots
of the evolution of the % profile during the stress annealing transient for the eleven
c, ,es considered are shown in Figs. 4.55 through 4.65. For each case, nine plots are
gi ven of the T, profile at successive times of the transient. As a normalized measure
of the stage of evolution of the creep transient we have chosen the ratio between the
average equivalent creep strain in the matrix and the initial misfit (ZCrMP/6). The
average creep strain in the matrix is evaluated as a volume average, over the 7 phase,
of the equivalent creep strain:
Y= fe dV V, (4.5)
where V is the volume occupied by the y phase.
We have chosen the parameter 7arP/b rather than a more immediate quantity,
such as the creep time, because it is more directly related to the evolution of the r.
profile, as we will discuss in the next paragraph.
Let's now consider the evolution of the a profiles for the first six cases, relative
to the simulation of stress annealing tests performed on experimental alloys.
We can notice how the profiles quickly evolve toward configurations that show
a marked driving force for directional coarsening. If we compare these graphs with
those obtained in our purely elastic analyses, we can see that the absolute values
of the differences between the force on the top and on the side of the precipitates,
A-, are generally increased by one order of magnitude; however, the most important
result is that the signs of ALT are inverted for several cases so that now for all the
experimental alloys we have perfect agreement between the observed rafting behavior
and the tendency toward directional coarsening that can be inferred from the r.
profiles.
If we now consider the evolution of the r. profiles for the hypothetical alloys of
cases 7 through 11, we can list a number of considerations:
* comparing case 7 (MNMTINV) and case 1 (MNMT) we can see that, if we invert
the relative stiffnesses of matrix and precipitate, the driving force for rafting
remains virtually identical. This result is in antithesis to that of a purely elastic
calculation for which an inversion of the elastic constants brings about a parallel
inversion of the rafting tendency (see map in Fig. 4.5);
* conversely, comparing case 8 (MNMTNMs) and case 1 (MNMT) we see that if
we change the sign of the misfit the r. profiles result totally reversed;
* we compare now case 9 (TCTpMs) and case 7 (MNMTINV). Both cases are
relative to positive-misfit alloys with soft precipitates but the misfit for case 9
is about 1/20th of the misfit for case 7. We can see that the fourth plot of
Fig. 4.63 (case 9), relative to a stage of the transient for which -rT"P/6 = 1.88
shows a profile similar to that of the eighth plot of Fig. 4.61 (case 7), for which
-'"P/b = 1.83. However, the value of ArT for this stage of case 9 is only a few
percent of the correspondent value for case 7;
* comparing case 10 (TCCpMs) and case 9 (TCTpMs) we see that if we invert
the direction of the applied load, the r. profiles are reversed. (This can be also
noted comparing cases 1 and 2 and cases 3 and 4).
* comparing case 11 (PLTIso) and case 5 (PLT) we see that a change in the
symmetry of the crystal brings about only minor changes ip the r. profiles
which are mainly localized around the corners of the precipitate.
In the next paragraph, we will reinterpret these observations, as well as other
features of the r. profiles, within the context of a more general framework and we
will offer a general discussion of the rafting phenomenon.
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Figure 4.24 Contours of all due to misfit only (6 = +.56%)
for the alloy tested by Miyazaki, Nakamura and Mori [16].
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Figure 4.26 Contours of '1 2 due to misfit only (6 = +.56%)
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0'12
1
2
3
4
5
6
7
8
9
10
11
Value (MPa)
-6.00E+02
-5.20E+02
-4.40E+02
-3.60E+02
-2.80E+02
-2.00E+02
-1.20E+02
-3.99E+01
-4.00E+01
+1.20E+02
+2.00E+02
Figure 4.27 Contours of ol,1 due to misfit only (6 = -0.38%)
for the alloy tested by Pollock [25].
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Figure 4.32 Contours of cre.ep for the transient analyzed in case 1 (MNMT)
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Figure 4.33 Contours of c'reep for the transient analyzed in case 1 (MNMT)
at creep time t = 63.47 sec.
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Figure 4.35 Contours of :Creep for the transient analyzed in case 2 (MNMC)
at creep time t =0.011 sec.
108
clfereep,q
1
2
3
4
5
6
7
8
9
10
11
reep/S = 1.25
Figure 4.36 Contours oi~caeep for the transient analyzed in case 2 (MNMC)
at creep time t = 3.86 sec.
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Figure 4.37 Contours of c eep for the transient analyzed in case 2 (MNMC)
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Figure 4.38 Contours of reep for the transient analyzed in case 2 (MNMC)
at creep time t = 50,000 sec.
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Figure 4.39 Contours of al at the end of the analyzed
transient for case 1 (MNMT).
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Figure 4.40 Contours of a22 at the end of the analyzed
transient for case 1 (MNMT).
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Figure 4.41 Contours of all at the end of the analyzed
transient for case 3 (TCT).
114
irrsrsEs
crrr~r rC
Value (MPa)
-1.00E+02
-7.00E+01
-4.00E+01
-9.99E+00
+2.00E+01
+5.00E+01
+8.00E+01
+1.iOE+02
+1.40E+02
+1.70E+02
+2.00E+02
Figure 4.42 Contours of U22 at the end of the analyzed
transient for case 3 (TCT).
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Figure 4.43 Contours of all at the end of the analyzed
transient for case 5 (PLT).
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Figure 4.44 Contours of a22 at the end of the analyzed
transient for case 5 (PLT).
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Figure 4.45 Contours of o11 at the end of the analyzed
transient for case 6 (PHT).
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Figure 4.46 Contours of 2r2 at ihe end of the analyzed
transient for case 6 (PHT).
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Figure 4.47 Contours of all at the end of the analyzed
transient for case 9 (TCTPMs).
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Figure 4.48 Contours of a22 at the end of the analyzed
transient for case 9 (TCTPAs).
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Figure 4.49 Contours of oal at the end of the analyzed
transient for case 2 (MNMC).
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Figure 4.50 Contours of a22 at the end of the analyzed
transient for case 2 (MNMC).
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Figure 4.51 Contours of a11 at the end of the analyzed
transient for case 4 (TCC).
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Figure 4.52 Contours of 0r22 at the end of the analyzed
transient for case 4 (TCC).
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Figure 4.53 Contours of all at the end of the analyzed
transient for case 10 (TCCPMS).
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Figure 4.55 Evolution of the rn profile during
the stress-annealing transient for case 1 (MNMT).
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4.6 Discussion
As we have repeatedly mentioned, experimental observations show that the rafting
process initiates in the primary stage of the creep transient.
Figure 4.66 shows a typical creep curve with corresponding micrographs illustrat-
ing the development of rafting as observed by MacKay and Ebert [22]. Figure 4.67
shows a similar curve obtained by Fredholm and Strudel [23] with the corresponding
changes in microstructure.
From these and several other observations [17-24,27], we can infer that the driving
force for directional coarsening sets in early in the transient and that the morphology
evolution ensues within an extent of time which is determined by the kinetics of the
process - in particular by the diffusion properties of the crystal [57]. We can then
expect to be able to explain the tendency toward directional coarsening by analyzing
the state of strain and stress in the crystal at the end of the primary creep.
The primary stage of creep corresponds to the formation of networks of disloca-
tions which relieve the misfit stresses; in our continuum model, we can identify this
stage by comparing the value of the average equivalent creep strain in the matrix
7creep as defined in (4.5), with the initial value of the misfit, 6 : we can assume that
the misfit stresses are relieved when 7rep and 6 are of the same order of magnitude.
Actually, from the results of our finite element analysis, we can conclude that the
primary stage of creep is completed when ? re"p/I6 2.
Let's now analyze the state of stress and strain at this stage of the transient, and
the corresponding effects on the 7n profile. We recall that the value of - is given by
the expressions (2.31) that we repeat here for convenience:
Tn = [W]- ti[--]. (4.6)
an
We will first consider the case of an applied tensile load and we will afterward discuss
the case of an applied compressive load.
(a) Applied Tensile Load
It is convenient to independently analyze the conditions on the "top" of the
precipitates (corresponding to the channels normal to the applied load) and on
the "side"" of the precipitates (corresponding to the channels parallel to the
applied load).
* On the top of the precipitates, due to the high level of hydrostatic stress
in the matrix (see Fig. 4.30(c)), the t.[-] term in expression (4.6) largely
dominates. The [W] term ranges between one and five percent of the ti[ [ ]
term for the analyzed alloys.
The value of the component of the traction vector normal to the interface,
tn, is large and positive, while the tangential component is negligible. The
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magnitude of the normal component of [a], whiclh we will indicate as
[un,n ], is larger than the magnitude of the original misfit since the primary
creep flow acts so as to enhance the jump in 'un,n across the interface,
initially due to the lattice misfit (see Fig. 4.30(b)). Thus for negative-
misfit alloys [un,n] is positive so that the force on the interface on the
top of the precipitate results negative. The magnitude of the force scales
with the applied load (which directly affects the magnitude of in) and
with the misfit (which directly affects [un,n ]). As the transient progresses
past the primary stage, and the matrix starts creeping under the effect of
the applied load, the creep flow keeps acting so as to increase [Un,n ] and
therefore rn will assume increasingly larger negative values.
Conversely, for positive-misfit alloys [un,n ] is initially negative so that the
force on the interface on the top of the precipitate results positive. The
magnitude of rn scales again with the applied load and with the misfit. As
the transient progresses past the primary stage, the matrix starts creeping
under the effect of the applied load. This process gives a positive contri-
bution to [un,n] so that the magnitude of rn starts to decrease and, for
T"reP/l -- 4, Tn becomes negative.
* On the side of the precipitates, since the traction vector is approximately
one order of magnitude smaller than that of the top, the two terms in (4.6)
are comparable and the magnitude of the force on the interface is much
lower. The [W] term always gives a negative contribution to rn because
the state of stress in the precipitate gives rise to an elastic energy level
higher than that in the matrix channels, which are essentially in a state of
moderate hydrostatic stress.
The normal component of the traction vector, tn, is negative and the tan-
gential component is negligible.
For negative-misfit alloys, the [Un,n ] term at the end of primary creep is
large and positive (for what concerns this term, the primary creep flow
acts in the same sense of the misfit) so that the (-t [ ,]) term is positive
and counterbalances the [W] term.
Thus for alloys characterized by a small negative misfit, the [W4] term
initially dominates and -n is negative, while for alloys with large negative
misfit the (-t [0 j]) term dominates and rn is positive (this is normally the
case for most commercial alloys). As the transient progresses, the matrix
material creeps under compressive stress so that negative contributions are
added to [un,n ] and thus to the force 7n.
For positive-misfit alloys, the [Un,n] term at the end of the primary creep
is large and negative so that the (-ti[•]) term is negative as well and
adds up with [W] to give a negative value for rTn. As the transient evolves,
negative contributions are added to [un,n] so that rn assumes increasingly
larger negative values.
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(b) Applied Compressive Loads
The patterns according to which rn evolves are essentially symmetrical to those
for tensile loads due to the fact that the sign of the traction vector is inverted
* on the top of the precipitates, the ti[ ] term dominates; tn is large and
negative while the tangential component of the traction vector is negligible.
For negative-misfit alloys [Un,n ] at the end of primary creep is positive so
that the force on the interface results positive, and its magnitude scales
with the applied load and the initial value of the misfit.
As the transient evolves, the matrix material creeps under the applied com-
pressive loads and negative contributions are added to [un,n]I so that the
magnitude of Tn starts to decrease and Tn will eventually become negative.
For positive-misfit alloys [un,n ] at the end of the primary creep is negative
so that the force on the interface is negative as well. As the transient pro-
gresses past the primary stage of creep, the matrix creeps in compression
under the applied load so that negative contributions are added to [un,n ]
and rn will assume increasingly larger negative values.
* On the side of the precipitates the two terms in (4.6) are comparable and
the magnitude of rn is much lower. The [W] term always gives a negative
contribution to rn. The normal component of the traction vector, tn, is
positive and the tangential component is negligible. For negative-misfit
alloys, the [Un,n ] term at the end of primary creep is positive so that the
(-t[ ]) term is negative and adds up with [W] to give a negative value
for rn. As the transient evolves, rn will assume increasingly larger negative
values due to the positive contributions to [Un,n ] as the matrix creep under
tensile stress.
For positive-misfit alloys, the [un,n] term at the end of primary creep is
negative so that the (-ti ,,]) term counterbalance the [W] term and rn
will be positive or negative depending on the value of the initial misfit. As
the transient evolves negative contributions will be added to rn.
In Fig. 4.68, we give a schematic synoptic diagram showing the levels of Trn
on the top and on the side of the precipitates at the end of the primary stage of
the creep transient for the possible combinations of tensile/compressive load and
positive/negative misit.
From this diagram we can see how under a tensile load a negative-misfit alloy will
tend to exhibit a "type N" rafting behavior, while a positive-misfit alloy will tend to
exhibit a "type P" rafting behavior and vice versa for a compressive load.
These simple patterns are indeed in agreement with all the available experimental
data listed in Table 1.1.
The arrows in Fig. 4.68 indicate how the levels of rn will decrease as the creep
transient evolves toward higher levels of creep strains under the effect of the applied
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loads. If we consider this further evolution of the 7n profiles we can conclude that we
can always expect to observe a "Type N" rafting behavior for a negative-misfit alloy
under a tensile load and for a positive-misfit alloy under a compressive load. However,
if we consider the case of negative-misfit alloys under compressive loads and positive-
misfit alloys under tensile loads, we can expect to observe a marked tendency toward
a "type P" rafting behavior only if we conduct our test so as to maintain the crystal
at a low level of creep for the time needed by the kinetics of the process to accomplish,
at least partially, the morphology evolution.
In fact, if we compare micrographs of "Type P" rafts and "Type N" rafts, the latter
are generally characterized by a higher aspect ratio and a more regular structure.
With regard to the evolution of An, since the magnitude of rn essentially scales
with the misfit, 6, and the applied stress, a, and the sign of Arn1 changes with the
sign of 6 and o, as shown in Fig. 4.68, we can expect that plots of the normalized
quantity ATn/ab versus the magnitude of T•eep/6 will show similar patterns for all
the different alloys that we have analyzed. These curves are shown in Fig. 4.69, and
it can be noted how all the data correlates within a very narrow band. 1
This result also agrees with the experimental observations that indicate how the
rate of directional coarsening scales with the lattice misfit and the applied stress (see
paragraph 1.2): the process is accelerated when the driving force is increased. The
hastening of the rafting process observed when the test temperature is increased and
when the microstructure is refined, is most probably related to a reduction of the
characteristic diffusion time, namely, to an increase in diffusivity and to a shortening
of the diffusion path.
In Fig. 4.69 we can notice a substantial increase in A7n within the very first stage
of primary creep, when 0.5 < 'reep/6b < 2.0. After this sharp rise, which corresponds
to the period in which the misfit stresses are relieved, the creep flow in the matrix
becomes dominated by the applied stress and the behavior of "Type N" evolutions
and "Type P " evolutions branches: the driving force for "Type N" coarsening keeps
increasing, while the force for "Type P" coarsening will eventually reach a saturation
level.
These trends can be already qualitatively observed in the last portion of the curves
in Fig 4.69. If we compare correspondent pairs of "Type N" and "Type P " plots
(see Fig. 4.70) we can notice that the last section of the "Type P " curves (MNMT,
TCC) dips below the last section of the "Type N" curves (MNMC , TCT) which still
exhibit an upward curvature.
We have chosen not to continue our analysis beyond this stage because experi-
mental observations show that at the end of primary creep, relevant morphological
changes are already occurring: if we extend our analysis, based on the initial cuboidal
'Note that we have not included the data for case 9 (TCTpMs) and case 10 (TCCpMs). This is
because the misfit that we have chosen for this hypothetical alloy is exceedingly small -the misfit
strains and the elastic strains have comparable magnitude. It is obvious how, in the limit of zero
misfit, quantities normalized by the misfit itself lose their significance.
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shape of the precipitates, to the steady state creep we would not obtain a reliable
simulation of this subsequent stage of the process.
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CHAPTER 5
CONCLUSIONS
5.1 Summary of Results
We have (levelope(d numerical techniques, in the framework of the finite elenment
inetholod, which allows us to (evaluate local values of the generalized(l force acting on
a material interface which is work-conjugate withl the normial displaceimentt of the
interface itself.
This quantity is a direct measure of the tendency for the interface to migrate, and
thus of the driving force for mnorp)hological. evolutions of the microstructuire.
We have appliedl these methlod(s to the stIudy of rafting in 1 - 7' Ni-superalloys.
The flexibility of thle proposed methods has readlily allowedl us to closely nmodel
the actual microstructural morl)hology of the alloys and to account for the effects of
applied boundary condlitions, lattice misfit, elastic anisotropy and( inelastic b)ehavior
of the crystals during the stress annealing transients.
We have modeled some experimental alloys, for which we have positively compared
the indications of our model with the experimental (lata, and( we have conducted a
circumscribed parametric study which has allowed us to formulate a more general
interpretation of the rafting phenomenon, which appears to give a satisfactory expla-
nation for all the available experimental observations.
According to the results of our analysis, it is of fundamental importance, in mod-
eling the rafting phenomenon, to consider the effects of the creepl flow in the 7-matrix
and in particular the evolution of the stress and strain fields during the primary creep
stage of the stress-annealing transients.
Earlier attempts to interpret the rafting behavior of these alloys have indeed failed
essentially because these effects were neglected.
In summary, the proposed methodology has proved itself successful for our partic-
ular application and appears suitable to be used in the analysis of parallel phenomena
concerning microstructural evolutions in multi-phase materials.
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5.2 Suggestions for Future Study
We can identify two main topics that we have addressed in our research. The first
is the development of the numerical techniques per se; the second is the analysis of
the rafting phenomenon. Regarding the development of numerical techniques for the
evaluation of local forces acting on maternal interfaces, the first and most immediate
development is the extension of the computer programs to cope with 3-D geometries.
A more ambitious and substantial development, more closely related .o the study of
rafting, would be the implementation of a kinetic model to follow the evolution of
the microstructure morphology. In such a model, the evaluation of the driving force
would represent only one of several steps in the procedure.
With regard to the analysis of the rafting phenomenon, more involved creep models
could be implemented, and the effects of modifications of the volume fraction of the
precipitates could be investigated.
Finally, we should recognize that a continuum model for creep is not entirely
adequate to model the discrete nature of motion and multiplication of dislocations in
the narrow y' channels.
The development of a discrete model for dislocation mechanics conceived so that it
could be interactively superposed to the finite element solutions of continuum elastic
behavior, would represent a substantial contribution to the analysis of this process
as well as of other phenomena characterized by creep processes with a small length
scale.
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APPENDIX I: THE COMPUTER PROGRAM
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APPENDIX IV: ABAQUS INPUT FILE FOR
THE TEST CASE:
A CYLINDRICAL INCLUSION IN AN
INFINITE MATRIX
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APPENDIX VI: TYPICAL ABAQUS INPUT
FILE FOR THE
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